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Abstract--A Riemann solver is presented for the Euler equations of gas dynamics with real gases. 
This represents a more efficient version of an algorithm originally presented by the author. 
1. INTRODUCTION 
In 1988 Glaister [1] proposed an algorithm for the solution of the Euler equations of gas dynam- 
ics with real gases that represents a generalisation of the type of approximate Riemann solver 
originally proposed by Roe [2]. The scheme in [1] is important in that it can treat unsteady 
flows where the equation of state for the fluid is other than ideal. Glaister's cheme is based on 
a numerical characteristic decomposition and applies an upwind, second order (limited), scalar 
scheme to a locally linearised set of scalar problems, together with explicit time stepping. The 
main advantages of this scheme are its good shock capturing properties and its relative ase of use 
when compared with other Riemann solvers (see, for example, [3]). Unfortunately, there remains 
two distinct disadvantages of the scheme in [1]. 
First, the scheme is computationally efficient in all but one respect. In each computational cell, 
four function evaluations of the equation of state are required in approximating the derivatives 
of the equation of state in that cell. This is in order to satisfy an algebraic relationship that 
is necessary for shock-capturing to be automatic. This could be an expensive overhead if the 
equation of state is a curve fit, e.g., one for equilibrium air [4]. Furthermore, since only two 
derivatives are being approximated, it is desirable that only two such function evaluations are 
required. Second, the aforementioned function evaluations introduce artificial states and, hence, 
may be outside the range of validity of the equation of state. 
In this paper, we seek to modify the original scheme [1] in such a way that these two disad- 
vantages are overcome. This is achieved by calculating approximations to the derivatives of the 
equation of state using natural averages that occur in the scheme, without violating the algebraic 
relationship reviously mentioned. The resulting scheme uses only two function evaluations of 
the derivatives of the equation of state, and introduces no new, artificial states. The one modi- 
fication solves both problems. This results in a more robust, more efficient solver with the same 
shock-capturing properties as before, which we demonstrate on a test problem with five different 
equations of state. 
In the next section we briefly describe the scheme of [1] for approximately solving the Euler 
equations in one dimension, noting in detail the disadvantage mentioned above. In Section 3 we 
derive a modified version of the scheme, which is then used to compute an approximate solution 
of a test problem. 
The extension to two or three dimensions in Section 4 is straightforward using the extension 
described in [5] together with the modification made in this paper. 
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2. APPROXIMATE R IEMANN SOLVER 
~.1. Equations of Flow 
The one-dimensional Euler equations governing the flow of an inviscid, compressible fluid can 
be written as 
w, A- fx -" 0, (z,t)  e ( -oo ,~)  x [0,T], (2.1a) 
where 
w -- (p, pu ,  e) T (2.1h) 
f(l~) = (p u,p--~ pu 2, u(e ..}. p))T , (2.1c) 
and (p, u, i, p, e) = (p, u, i, p, e) (x, t) represent the density, velocity, specific internal energy, pres- 
sure and total energy, respectively, at a general position z in space and at time t. This system 
of hyperbolic onservation laws is completed by a macroscopic, thermodynamic relationship con- 
necting p, p and i, called the equation of state, and which we write as 
p = p(p, i). (2.1d) 
Furthermore, we assume that first derivatives of (2.1d) can be calculated, i.e., 
pp = and Pi = • 
i 
~.'~. Linearised Riemann Problem 
If the solution of (2.1a-d) is sought in a finite region in space using a finite difference method, 
then the solution is known at a set of discrete mesh points (z,t) = (z j , t , )  at any time t , .  
Following Godunov [6], the approximate solution w~ to w at (zj, t , )  can be considered as a set of 
piecewise constants w = w~ for z E (zj - Az/2,  zj +Az/2)  at time tn, where Az = zj - -z j -x  is a 
constant mesh spacing. A Riemann problem is now present at each interface zj_½ = ½(zj-x +z j )  
seperating adjacent states wj"..x, w~. The scheme in [1] considers olving a sequence (in space) of 
Riemann problems 
~t  "b 2~(U)7_ 1 , ~U-)7) I~). --" 2, (2.2) 
as a means of solving (2.1a-d) in a time interval At = t,+l - - t , ,  where .~_~ = .4(_w~_1, w~) is 
an approximation to the Jacobian A = 0 f /aw,  and is a constant matrix depending on the states 
either side of z~_ ½. The matrix 2j_  ~ is ~nstructed so that shock-capturing becomes automatic. 
This requires the solution of a system of non-linear algebraic equations, whose solution is given 
in [1], and these theoretical results can then be fed into the numerical scheme. This set of 
equations can be represented mathematically as 
~_~ A w = A L. (2.s) 
We now briefly describe the resulting numerical scheme, its disadvantages, and how these can be 
overcome. 
2.3. Numerical Scheme 
Given the matrix .4j_½ mentioned above, a first order, explicit scheme for the solution of 
(2.1a-d) is 
O, (2.4) 
At Az - 
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where k can be j - 1 or j ,  i.e., an upstream difference, and At  = t .+ ,  -- t .  is a constant time 
step, although this restriction could easily be lifted. By projecting 
i= I  
(2.s) 
where ~ are the eigenvectors of .A.j_½, then Equation (2.4) can be written as 
At  Ax  -- Q' (2.6) 
where we have employed (2.3) and denoted the eigenvalues of Aj_ ½ as Ai. 
From (2.6), we have the following first order upwind algorithm 
wn+l  _~ W n At  ~ ifAi <0, (2.7a) 
or  
W7+1 -- ~ j  -- if A, > 0, (2.7b) 
which can be extended to second-order accuracy using flux-limiters, (e.g., see [1,7,8]). The expres- 
sion for the coefficients &i, and the average eigenvalues and eigenvectors can be derived from (2.3) 
and (2.5), (see [1]), and for completeness we now state them. 
The required averages are 
1 I_ 
~1~,s= ~+a ' -~ ~ ' ½~2_~p ' 
\H+~a H-~a/ i+ -  p. 
1 1 ap ~l,2,S -- ~-C(Ap+jBfiAu), ~-~a2 (Ap--~BfiAu), Ap-- ~-, 
(2.8a-c) 
(2.9a--c) 
(2.10a-c) 
where 
IV= PV~-INJ-I+~ffNJ N=u,i,H, (2.11a-c) 
Pv~JZT-~+v~ ' 
~=~,  (2.12) 
a2 - PP + ~2' (2.13) 
1 ~2 _ ,--~ (/-)-~ i) (2.14) 
and 
H= p+i+l  2 (2.15) p ~u 
is the total enthalpy. (N.B. In the limit Aw --*0, then Aj_½ --* A, the continuous Jacobian, and 
likewise the approximate eigenvalues and eigenvectors.) 
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To complete the Riemann solver it is necessary to determine the averages l~p, ~ of the deriva- 
tives pp and Pi. As in [11, these averages, by virtue of (2.3), must satisfy 
Ap = ~ ~p + ~ ~i, (2a6) 
and the averages proposed in that paper are 
1 [(p(pj,ij)--p(pj_l,ij))+(p(pj,ij-1)--P(Pj-l,ij-1))] PS-1 ~PS, (2.17a) 
f~=2 ' ps-v j -~  ' 
1 
= "~ (Pv(P, is) +Pp(p, is-z)), P~-z = flj = P, (2.17b) 
1 [(p(pj,is)-p(pj ,ij_x))+(pCps-z,ij) -pCpj-x,ij-z))] ij ~ '~-z, (2.17c) 
v~ = ~ is - i j _~ ' 
1 
" - -  ~ (Pi(Pj, i) + P/(ffj-1, i)), :j-X = is = i. (2.17d) 
The two disadvantages of these averages tated in Section 1 are now apparent. From 
(2.17a--d) we see that, in genera/, four seperate function evaluations of the equation of state (2.1d) 
are needed, and the artificial states (p j, i s_ 1), (PS-z, i j) are introduced. We now devise alternative 
expressions to (2.17a-d) satisfying (2.16) and overcoming these disadvantages. 
3. MODIFIED SCHEME 
In this section, an alternative pair of averages to (2.17a-d) are proposed to complete the 
Riemann solver of Section 2. 
Natural approximations to pp and Pi in the interval (zj_z,zj) arising from the scheme of 
Section 2 are 
~a --  pa(~,'~), (3.1a) 
/~i - PI(P, ~.  (3.11:>) 
In particular, as a result of the averages (2.11b) and (2.12), no artificial states are introduced 
since (~, ]) E I(p~-l, p~)l x I(ij-1, ij)}, where we have denoted I(qj-x, qj)l = (q~-x, q~) • q~-i _<_ qs, 
or [(qj-z,qj)l = (qs,qs-1) ifqj < qj-:. Unfortunately, (3.1a-b) do not, in general, satisfy (2.16), 
i.e., 
Ap ~ #p Ap + #i Ai. (3.2) 
However, to first order 
Ap _ ~p Ap + l~ A~, (3.3) 
i.e., 
Ap = #p Ap + ~ ~i  + o(~2), (3.4) 
and, hence, 
. . , xp_#~Ai  pp = ,~P , ,,xp ~ O, (3.5a) 
and 
An eflldent Riemann solve~' 81 
represent first order approximations to pp and Pl, respectively. Thus, a weighted mean of the 
expressions in (3.1a-b) and (3.5a-b) can satisfy (2.16). 
To begin with, we assume Ap # 0 and Ai # 0 and write 
~. = 81 t .  + (1 - ax) p;, (3.6a) 
and 
~fii =/~2 ~fi, + (1 -/~2) P*, (3.6b) 
for some weights/~1,/3u. Substituting (3.6a-b) into (2.16) yields ~1 = 1 -/~2 =/~, so that 
~. = ~.  + (1 - ~)p;  
Ap \ /  
(3.7a) 
and 
= (1 - + a,,)-  
are suitable approximations to employ in the Riemann solver of Section 2 in the case Ap, Ai  i~ 0. 
Specifically, (2.16) is satisfied, only two function evaluations (for/3p,/ii) are required and no 
artificial states are introduced. To deduce a form for the unknown weight, we look at the limits 
Ap, Ai ~ 0. 
From (2.16), if Ap # 0 and Ai = 0, then ~p = Ap/Ap and any consistent average for pi will 
suffice, say ~i =/~i. Thus in this case, from (3.7a), we require that/~ = 0. More generally, as 
Ai --* 0, Ap # 0, we require (from (3.7a)) that/~ --* 0. Similarly, as Ap --* 0, Ai # 0, we require 
(from (3.?b)) that/~ --* 1. A weight that satisfies these conditions is 
IAil (3.8a) 
/~ = [Apl + IAil ' 
so that 
IApl (3.8b) 
X - ~ - iApl + IAil, 
and is particularly simple to compute; however, we note that this choice is not unique. 
It is then a straightforward matter to check that 
lim_, 15,, = pp(p, i), (Ap,~i) (0,0) (3.9a) 
and 
lim 15i = pl (p, i), 
(Ap,Ai)-*(O,O) 
(3.9b) 
using the definitions in (3.7a-3.8b). 
For computational purposes, one needs to take care when the relative differences, say Ap/~ 
and Ai/~, are close to the. rounding error of the machine. Thus, we suggest he following averages 
for practical use: 
- IApl IAil i5, pp(/3, i)~ if ~ < 10 -rn and -=-  < 10 -m (3.10a) 
15i p , (~, i ) J  p -  , - ' 
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Ap 
Ai 
where m is machine dependent, and/~ - Ai/(IAp] + [AID, as before. 
Finally, we note that a rearrangement of (3.10b) gives 
Pp = + Iapl @ 
IApl + IAil Ap 
I/Xil @ 
IAt, I + IAil Ai 
where 
otherwise, (3.10b) 
(3.10c) 
5p = Ap -- pp(fi, ~ Ap  - p i (~,  7) Ai (3.10d) 
represents he discrepancy in the inequality (3.2). It is the form in (3.10a,c,d) that we use in the 
code for solving the test problem of the next section. 
4. TEST PROBLEM AND NUMERICAL RESULTS 
The purpose of the one-dimensional test problem of this section is two fold. First, it demon- 
strates that no loss of accuracy or shock-capturing capability is found when utilising the simplified 
averages of Section 3 in the Riemann solver based on the scheme of Section 2. Second, it demon- 
strates an improvement of the efficiency of the new scheme over the original one. 
~.1. Test Problem 
This test problem is concerned with shock reflection in one dimension of a gas governed by the 
Euler equations (2.1a-d). We consider a region 0 < z < 1 divided into fifty equally spaced mesh 
points, and the initial conditions are (p, u, i, p) - (P0, u0, i0, P(Po, io)). This represents a gas of 
constant density and pressure moving towards z -0 .  The boundary at z - 0 is a rigid wall and 
the exact solution describes the shock reflection from the wall, (see [8]). Five equations of state 
are chosen: 
(a) ideal gas 
where we take the ratio of specific heat capacities T to be 5/3, corresponding to a 
monatomic gas; 
(b) stiffened gas (sometimes used for a liquid) 
p=B (P -1 )+(7-1) , / ,  
where we take B = 1, 7 = 5/3; 
(c) copper (due to R.K. Osborne [9]) 
1 
p - ~ [~ Ca1 + a2 ~) + (b0 + ~ (ba + b2 ~) + E (co + ca ~))], 
where E = po i, ~ -- P/Po - 1, and the constants ai, a2, b0, bl, b2, co, ci and @0 can be found 
in [9]; 
(d) covolume (used in connection with combustion environments) 
( -l)pi 
P- -  1 -pb  ' 
where we take b - 0.8, 7 = 1.4; and 
(e) two molecular vibrating gas 
(7  - 1)pp -_ (,,f _ 1 )p i ,  
P + pp~lp - 1 
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where we take 7 = 1.4 and p - 0.5902, which corresponds to molecular oxygen at 2000 K. For 
each equation of state we take u0 = -1 ,  and take P0 = 8.9 for (c), P0 = 1 for (b), and P0 = 0.1 
for (a), (d) and (e). Two initial conditions are chosen for i0 (in each case), corresponding 
to two shock strengths, p+/Po - 10, 2, where p+ denotes the pressure behind the shock and 
P0 = P(P0, i0) denotes the pressure ahead of the shock. The results for these two cases are given in 
Figures 1-10, together with the exact solution when the shock has moved a distance of 0.3. We 
have used the idea of flux limiters [7] to create a second order algorithm which is oscillation free. 
The "superbee" llmiter is the one chosen here. 
We see that for each equation of state and each of the two shock strengths, the shock speed has 
been computed accurately and the shock is captured over only a few cells. Thus, the modified 
averages (3.10a,c,d) have not affected the shock-capturing capability of the original algorithm [1]. 
Furthermore, in addition to being guaranteed that only physical admissible states are calculated 
(i.e., pp(~, i), Pi(P, z)), there is a significant improvement in the efficiency of the scheme as we 
now show. 
We compare the c.p.u, time to compute the results obtained for the ideal gas case (a) using 
(i) the Riemann solver in [1], and (ii) the modification given in Section 3. The comparison using 
an Amdahl V7 is as follows: 
(i) using "superbee" and fifty mesh points takes 0.0095 c.p.u, seconds to compute one time 
step, and a total of 0.855 c.p.u, seconds to reach a real time of 0.575 seconds using ninety 
time steps; 
(ii) using "superbee" and fifty mesh points takes 0.0075 c.p.u, seconds to compute one time 
step, and a total of 0.675 c.p.u, seconds to reach a real time of 0.575 seconds using ninety 
time steps. 
This represents an increase of efficiency o f21% over the scheme in [1]. 
5. CONCLUSION 
We have made a significant improvement in the Riemann solver for real gases given in [1]. 
This has been achieved by using alternative averages for the derivatives of the equation of 
state, with the resulting scheme being more efficient, more robust and with equally good shock- 
capturing capabilities as demonstrated by the satisfactory results obtained for the test problem of 
Section 4. 
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